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230 PROBLEMS AND SOLUTIONS. [[May, 

of geometry. 1 This and other instances of such ignorance are set forth by J. S. 
Mackay in "Herbert Spencer and mathematics," Proceedings of the Edinburgh 
Mathematical Society, 1907, volume 25, pp. 95-106. Arc. 

PROBLEMS— SOLUTIONS 
2800 [1920, 31]. Proposed by A. M. harding, University of Arkansas. 

If x + y + z = xyz, show that 

2x 2y 2z _ 2x 2y 2z 



1 - x 2 ' 1 - j/ 2 T 1 - z 2 1 - x 2 1 - j/ 2 1 - z 2 ' 

Solution by Arnold Dresden, University of Wisconsin. 

Except for values of x and y for which xy = 1, the relation (1) x + y + z = xyz is equivalent 
to z = (x + y)/(xy — 1). Direct substitution of this value for a shows that the formula 

.„. 2x 2y 2z 2x 2y 2« 

W 1 2+1 __ „,2 + 1 ' 



1 - 2/ 2 1 - 2 2 1 - x 2 1 - 2/ 2 1 - z 2 

holds for all values of x, y, except x = ± 1; j/ = ± 1; xy = 1, for which values one or the other 
of these equations loses meaning. 

It is readily seen that an infinite number of other formulas will hold true as a consequence 
of (1), viz., 
(3) 2 tan (n tan -1 x) = II tan (n tan -1 x), for n — 1, 2, • • •, 

the sum and product to be extended over x, y, and z. For since x + y + z = xj/«, it follows that 
— tan -1 x — tan -1 ?/ = tan - ' z, for some determination of tan -1 z; in virtue of this relation we 
have then — n tan -1 x — n tan -1 y — n tan -1 z and therefore: 

, , _, x , , . _, , , _, \ tan (m tan -1 x) + tan (» tan -1 y) 

— tan (m tan l z) = tan (n tan 1 x + n tan * «) = , r — -. — ; — ' . , — —. — ■ ~-x : 

1 — tan (w tan -1 x)-tan (n tan"" 1 y) ' 

i.e., S tan (» tan -1 x) = II tan (» tan -1 x). 

It would be interesting to know the general solution of the functional equation: 

n n 

2 f(xi) = n /(*,•), 

under the restriction Sx« = Ilxi. 

Also solved by Norman Anning, T. M. Blakslee, S. M. Berg, J. A. Bullard, 
H. N. Carleton, E. S. Hammond, C. N. Mills, E. J. Oglesby, H. L. Olson, 
J. L. Riley, Arthur Pelletier, H. S. Uhler, W. R. Warne, and C. C. Wylie. 

2802 [1920, 31]. Proposed by warren weaver, California Institute of Technology. 

Consider two circles, each of radius k, with centers at (0, 0) and (¥, 0) respectively, where 
k' is less than k. Through the point (k', 0) draw a ray making an angle 9 with the positive x-axis. 
Call the intersection of this line with the first circle A, and with the second circle B. Extend the 
line through the point (k', 0) in the opposite direction, and call the intersection of this extension 
with the first circle A', and with the second circle B'. Prove that the sum of the two segments 
AB and A'B' is independent of k, and depends only upon k', i.e. the shift of the circles, and 0. 

Solution by U. G. Mitchell, University of Kansas. 

Let the points A, B, A', B' have coordinates (xi, y{), (x 2 , jr 2 ), (x 3 , 2/3), {xt, yt), respectively. 
By the conditions of the problem the points A = (xi, j/i) and A' — (x 3 , y s ) are on the circle 
x 2 + y 2 = A; 2 , the points B = (x 2 , j/ 2 ) and B' — (xt, yt) are on the circle (x — fc') 2 + 2/ 2 = & 2 , 
and all four of the points A, B, A', B' are on the line y — m(x — k'), where m = tan 0. 

1 His boasting in the preface to the American edition, in 1876, of Inventional Geometry, a 
series of problems, by his father W. G." Spencer, will be recalled. 
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Since for a given circle and a given exterior point the product of any secant through the 
point and the exterior segment of the secant is equal to the square of the tangent from the point 
to the circle we have A'B-AB = x£ + */ 2 2 - k* and A'B -A'B' = (x, - fc') 2 + V? - k 2 . Hence, 

AB + A'B' = *'* + v * - k * + {Xz ~ fc ' )2 + Vi ~ k * . 

A B 



By use of A'B = V(x2 — x 3 ) 2 + ( ya — V sP and the relations given above this equation 
readily reduces to AB + A'B' = 2fc'/Vi + m 2 , which is independent of k and dependent upon 
k' and 6 only, as was to be shown. 

Also solved by T. M. Blakslee, Paul Capron, Olive C. Hazlett, C. N. 
Mills, E. J. Oglesby, Arthur Pelletier, C. P. Sousley, C. E. Stromquist, 
and H. S. Uhler. 

2804 [1920, 32]. Proposed by T. H. GRONWAIX, Washington, D. C. 

Show that for |x| < 1 



dx , 23-7 ••• (4w-5)(4n - 1) 



4n+l 



1 f x dx _ » 

Vn^i Jo VH^4 x + f 5-9 ■ • "• (4» - 3)(4n + 1) ' 

/ p tte y _ , " 3-7 • • • (4» - 5)(4w - 1) x<"« 

w» vr^*/ x T 5 " 9 • • • ( 4w - 3 >( 4n + 1) 2» + 1 • 

Solution by 0. S. Adams, Coast and Geodetic Survey. 

The general forms for such integrals may be derived and the formulas in the statement will 
then be special cases of the derived forms. We then state the problem as follows: 
For |*| < 1, s a positive integer, 

s_+2 3s +2 (2» -1)8 + 2 
1 (" dx _ " _ 2_ " 2 2 +1 

VF^ Jo <l=T°~ X i (« + l)(2» + l)-"(iw + l) 

1+2 3s +2 (2w -1)8 + 2 

f f * & V _ ~2 j. v _2 " 2 2 2s" 8 * 2 

W» Vf^ W ~ i (s + l)(2s + l) ••• (ns + 1) «s+2- 



Let- 
then 
and 
By integration, 



vr 

dx 



*<w = X 



Vl - X s 



d ., . 2 C x dx 



20(x) |- *(») = , 2 ■ f' , - • 

vv 'dx vw Vl -x« Jo VI -x« 

2 (x)= 2 rr-^=r-^=i^ 

PW J o l.Vl-s« Jo VI -* s J 

Therefore, if the first series is multiplied by 2dx and integrated from to x, the second series will 
be obtained. 
Let 

= 1 (•' dx 

then 

dy = _1 (8/2)a»- 1 f x dx = 1 (s.^x*- 1 ;/ . 

dx 1 - x 8 + (1 - x 8 Wo Vl -x« 1 ~ x I -x' ' 



